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The response surface methodologyfor rocket engine injector design optimizationfor which onlymodest amounts
of data may exist is examined. Two main aspects are emphasized: relative performance of quadratic and cubic
polynomial response surfaces and enhancement of the � delity of the response surface via neural networks. A data
set of 45 design points from a semi-empirical model for a shear coaxial injector element using gaseous oxygen and
gaseous hydrogen propellants is used to formulate response surfaces using quadratic and cubic polynomials. This
original data set is also employed to train a two-layered radial basis neural network (RBNN). The trained network
is then used to generate additional data to augment the original information available to characterize the design
space. Quadratic and cubic polynomials are again used to generate response surfaces for this RBNN-enhanced
data set. The response surfaces resulting from both the original and RBNN-enhanced data sets are compared
for accuracy. Whereas the cubic � t is superior to the quadratic � t for each data set, the RBNN-enhanced data
set is capable of improving the accuracy of the response surface if noticeable errors from polynomial curve � ts
are encountered. Furthermore, the RBNN-enhanced data set yields more consistent selections of optimal designs
between cubic and quadratic polynomials.The techniques developed can be directly applied to injector design and
optimization for rocket propulsion.

Nomenclature
A = lowest acceptable value of energy release ef� ciency

(ERE)
a = radial basis neural network output
B = target value of ERE
b = bias associated with a neuron in neural networks
C = target value of Q
D = composite desirability function
d1 = desirability function related to ERE
d2 = desirability function related to Q
E = highest acceptable value of Q
ei = error at the i th design point
L comb = combustor length (length from injector to throat)
n = number of data points
n p = number of coef� cients in the response surface
O=F = propellant mixture ratio
p = input vector of the neural network
Q = actual chamber wall heat � ux
Qnom = nominal chamber wall heat � ux
radbas = transfer function of radial basis neural network
s = weighting factor for d1

t = weighting factor for d2

¾ = root mean square error
¾a = adjusted root mean square error
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I. Introduction

T HE injector design methodologies used successfully in pre-
vious rocket propulsion system development programs were

typically based on large subscale databases and the empirical de-
sign tools derived from them.1¡5 Extensive sub- and full-scale hot-
� re test programs often guided these methodologies. Current and
planned launch vehicle programs have tight budgets and aggressive
schedules, neither of which is conductive to the large test programs
of the past. Also, new requirements for operability and maintain-
ability require that injector design be robust. Hence, variables not
previously included in the injector design now merit consideration
for inclusionin the designprocess.Also, the effectof the injectorde-
sign on variables, peripheral to, but in� uenced by the injector, may
need to be included in the injector design process. These new pro-
grams with compressed schedules, lower budgets, and more strin-
gent requirementsmake developmentof broader and more ef� cient
injector design methodologies an attractive goal.

Historically, injectors have been designed, fabricated, and tested
based on experienceand intuition. As hardware was tested, design-
ers proposed modi� cations aimed at obtaining an improved design.
Despite their experienceand skill, these effortswere unlikely to pro-
duce the optimal design in a short time frame. Also, as more design
variables are considered, the design process becomes increasingly
complex, and it is more dif� cult to foresee the effect of the modi-
� cation of one variable on other variables. Use of an optimization
approach to guide the design addressesboth of these issues.The op-
timization scheme allows complex, interrelated information to be
managed in such a way that the extent to which variables in� uence
each other can be objectively evaluated and optimal design points
can be identi� ed with con� dence.

Developmentof anoptimizationschemefor injectordesigncalled
methodology for optimizing the design of injectors (method I) has
been reported by Tucker et al.6 Method I is used to generate appro-
priate injector design data and then guide the designer toward an
optimum design subject to the speci� ed constraints. As reported,
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method I uses the response surface methodology (RSM) to facili-
tate the optimization. The RSM approach is to conduct a series of
well-chosen experiments (empirical, numerical, physical, or some
combination of the three) and use the resulting information to con-
struct a global approximation (response surface) of the measured
quantity (response) over the design space. A standard constrained
optimization algorithm is then used to interrogate the response sur-
face for an optimum design.

The initial demonstration of method I by Tucker et al.6 focused
on a simple optimization of a shear coaxial injector element with
gaseousoxygen and gaseoushydrogenpropellants.The design data
were generated using an empirical design methodology developed
by Calhoon et al.7 These researchers conducted a large number
of cold-� ow and hot-� re tests over a range of propellant mixture
ratios, propellant velocity ratios, and chamber pressure for shear
coaxial, swirl coaxial, impinging, and premixed elements. The data
were correlated directly with injector/chamber design parameters,
which are recognized from both theoretical and empirical stand-
points as the controlling variables. For the shear coaxial element,
performance, as measured by energy release ef� ciency (ERE), is
obtained using correlations taking into account combustor length
L comb (length from injector to throat) and the propellant velocity
ratio V f =V0. The nominal chamber wall heat � ux at a point just
downstream of the injector, Qnom , is calculated using a modi� ed
Bartz equation and is correlatedwith propellantmixture ratio O=F
and propellantvelocity ratio V f =V0 to yield the actual chamber wall
heat � ux Q. The objective in the initial demonstration of method I
was to maximize injector performance while minimizing chamber
wall heat � ux (lower heat � uxes reduce cooling requirements and
increase chamber life) and chamber length (shorter chambers lower
engine weight).

The initial demonstration of method I used quadratic polynomi-
als to generate the response surfaces. The surfaces for ERE and Q
were joined by use of a desirability function, and optimum design
points were sought as the independentvariables .O=F; V f =V0, and
L comb) were constrained over different ranges. The initial demon-
stration reported by Tucker et al.6 is viewed as a proof of concept
for method I.

II. Scope of Current Research
Empirical design methodologies,such as that by Calhoon et al.,7

may allow the designer to generate large quantities of data within a
design space. However, due to their empiricism, these methodolo-
gies are often suf� ciently accurate only over the range of variables
for which test data were taken to develop the methodology. For
some injector types, propellant combinations,or design conditions,
this limitation may require that additional data be generated to en-
sure con� dence in the design. Historically, these data have been
generated in sub- and full-scale test programs. More recently com-
putational� uid dynamics(CFD)analysisfromvalidatedmodels has
beenused to augmentthe testdata.Data from testprogramsandCFD
analysisare expensiveand time consumingto obtain.Recognitionof
this has direct implications for the usefulnessof optimization tech-
niques in injector design methodologies.Although the optimization
scheme must be capable of ef� ciently organizing large amounts
of design information generated from empirical design methodolo-
gies, it must also be able to make effectiveuse of the relativelysmall
amounts of data available in some cases. An optimization scheme
that requires large amounts of data to generate meaningful results
will be marginally useful, if at all, when only small amounts of data
are available for use.

The present effort seeks to investigate approaches that would
make RSM robust and reliable for injector design optimization, es-
pecially when only limited amounts of design data exist. We � rst
investigatethe relativeperformanceof a quadraticand a cubic poly-
nomial for constructing response surfaces. The original data set
from Tucker et al.6 (with 45 design points) is used to generate the
response surfaces for ERE and Q. The quality of each � t on the
original data set is evaluated. Then, an approach to train a radial
basis neural network (RBNN) to enhance the information available
to construct the response surface is presented. Speci� c issues rela-

tive to the network trainingare evaluatedand discussed.This trained
RBNN is then used to generate additionaldesigndata.The data gen-
eratedfromthenetworkare combinedwith the originaldata from the
Calhoonet al.7 model to form an enhanceddata set, which is then re-
� t with quadratic and cubic polynomial surfaces.The quality of the
� t of the resulting surfaces is compared. Also, each surface is used
to conduct design optimization over the same range of independent
variables.The optimal designpoints are comparedwith exact points
calculated from the empirical model.

III. Approaches
A. General

The range of propellant mixture ratios O=F propellant velocity
ratios V f =V0 , and chamber lengths L comb considered in this study
are shown in Table 1. Tables 2–4 shows the empirically derived
performance and heat � ux for the 45 combinationsof O=F , V f =V0,
and L comb considered.Hereafter, these 45 design points are referred
to as the original data set. As noted earlier, this original data set is
augmented with additional design points generated using a trained
RBNN. This new and larger data set is referred to as the enhanced
data set. The RSM, using both quadratic and cubic polynomials, is
used to � t both surfaces. The following two sections give pertinent
details on the RSM and neural networks (NN).

Table 1 Range of design
variables considered

O=F V f =V0 Lcomb , in.

4, 6, 8 4 4–8
4, 6, 8 6 4–8
4, 6, 8 8 4–8

Table 2 Performance and heat � ux
responses for O/F = 4 elements

Lcomb , ERE, Q,
O=F V f =V0 in. % Btu/in.2-s

4.0 4.0 4.0 92.9 0.753
4.0 4.0 5.0 96.0 0.753
4.0 4.0 6.0 97.6 0.753
4.0 4.0 7.0 98.6 0.753
4.0 4.0 8.0 99.0 0.753
4.0 6.0 4.0 95.0 0.928
4.0 6.0 5.0 97.1 0.928
4.0 6.0 6.0 98.5 0.928
4.0 6.0 7.0 99.2 0.928
4.0 6.0 8.0 99.4 0.928
4.0 8.0 4.0 96.6 1.10
4.0 8.0 5.0 98.2 1.10
4.0 8.0 6.0 99.1 1.10
4.0 8.0 7.0 99.4 1.10
4.0 8.0 8.0 99.6 1.10

Table 3 Performance and heat � ux
responses for O/F = 6 elements

Lcomb , ERE, Q,
O=F V f =V0 in. % Btu/in.2-s

6.0 4.0 4.0 92.9 0.691
6.0 4.0 5.0 96.0 0.691
6.0 4.0 6.0 97.6 0.691
6.0 4.0 7.0 98.6 0.691
6.0 4.0 8.0 99.0 0.691
6.0 6.0 4.0 95.0 0.642
6.0 6.0 5.0 97.1 0.642
6.0 6.0 6.0 98.5 0.642
6.0 6.0 7.0 99.2 0.642
6.0 6.0 8.0 99.4 0.642
6.0 8.0 4.0 96.6 0.741
6.0 8.0 5.0 98.2 0.741
6.0 8.0 6.0 99.1 0.741
6.0 8.0 7.0 99.4 0.741
6.0 8.0 8.0 99.6 0.741
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Table 4 Performance and heat � ux
responses for O/F = 8 elements

Lcomb , ERE, Q,
O=F V f =V0 in. % Btu/in.2-s

8.0 4.0 4.0 92.9 0.588
8.0 4.0 5.0 96.0 0.588
8.0 4.0 6.0 97.6 0.588
8.0 4.0 7.0 98.6 0.588
8.0 4.0 8.0 99.0 0.588
8.0 6.0 4.0 95.0 0.512
8.0 6.0 5.0 97.1 0.512
8.0 6.0 6.0 98.5 0.512
8.0 6.0 7.0 99.2 0.512
8.0 6.0 8.0 99.4 0.512
8.0 8.0 4.0 96.6 0.493
8.0 8.0 5.0 98.2 0.493
8.0 8.0 6.0 99.1 0.493
8.0 8.0 7.0 99.4 0.493
8.0 8.0 8.0 99.6 0.493

B. RSM

The approach of RSM8 is to perform a series of experiments, or
numericalanalyses,for a prescribedset of designpoints, and to con-
struct a response surface of the measured quantity over the design
space. In the presentcontext, the two responsesof interestare a mea-
sure of combustor performance ERE and the injector wall heat � ux
Q. The design space consists of the set of relevant variables O=F ,
V f =V0, and L comb consideredover the ranges shown in Table 1. The
response surfaces are � t by standard least-squaresregressionwith a
quadraticpolynomialusing JMP9 statisticalanalysis software. JMP
is an interactive, spreadsheet-basedprogram that provides a variety
of statistical analysis functions. A backward elimination procedure
based on t -statistics is used to discard terms and improve the pre-
diction accuracy.The t -statistic,or t -ratio, of a particularcoef� cient
is given by the value of the coef� cient divided by the standard error
of the coef� cient. The quality of � t between different surfaces can
be evaluated by comparing the adjusted rms error de� ned as

¾a D
qX

e2
i

¯
.n ¡ n p/ (1)

where ¾a is the adjusted rms error incurred while mapping the sur-
faceover the data set. The measureof errorgivenby¾a is normalized
to account for the degrees of freedom in the model. This rms error,
thus,accountsfor the nominaleffectof higher-orderterms providing
a better overall comparison among the different surface � ts.

In the current study, it is desirable to simultaneously maximize
ERE and minimize Q. One methodof optimizingmultipleresponses
simultaneouslyis to build, from the individualresponses,a compos-
ite response known as the desirability function. The method allows
for a designer’s own priorities on the response values to be built
into the optimization procedure. The � rst step in the method is to
develop desirabilityfunction d for each response. In the case where
a responseshould be maximized, such as ERE, the desirabilitytakes
the form

d1 D [.ERE ¡ A/=.B ¡ A/]s (2)

where A is the lowest acceptable value such that d D 1 for any
ERE > B and d D 0 for ERE < A. The power values s is a weighting
factor, which is set according to one’s subjective impression about
the role of the response in the total desirabilityof the product. In the
case where a responseis to be minimized, such as Q, the desirability
takes on the form

d2 D [.Q ¡ E/=.C ¡ E/]t (3)

where E is the highest acceptable value such that d D 1 for any
Q < C and d D 0 for Q > E . Choices for A, B, C, and E are made
according to the designer’s priorities or, as in the present study,

simply as the boundaryvalues of the domain of ERE and Q spanned
by the points in Tables 2–4. Values of s and t are set based on
which response has higher priority. A single composite response
is developed that is the geometric mean of the desirabilities of the
individual responses. The composite response de� ned as

D D .d1 ¢ d2 ¢ d3 ¢ ¢ ¢ dm/1=m (4)

which for the present case is

D D .d1 ¢ d2/
1
2 (5)

This is then submitted to an optimization toolbox to be maxi-
mized. Solver, an optimization tool available as part of Microsoft
Excel10 package, is used in this effort. This tool uses the GRG2
nonlinear optimization code developed by Lasdon et al.11

C. NN

NN12;13 have receivedmuch attention in engineeringapplications
in the last decade because they are hihgly � exible and have the abil-
ity to be trained,using user-supplieddata, to map complex surfaces.
The NN can be trainedwith data from any source:empirical,experi-
mental, or analytical.Training is accomplishedby adjustingweights
on the internal connectionsof the network through de� ned training
algorithms.The training is a cyclicprocess in which the weights and
biases are repeatedly adjusted until an accurate mapping of the re-
sponse data is obtained.Once trained, the NN is then able to predict
the responses for other points in the design space. The NN toolbox
availablein MATLAB®14 is used in the current work. A two-layered
radial basis network is used to provide the mapping between the in-
put parameters (independent variables) and the output parameters
(dependent variables). The network in this effort is designed with
the function Solverbe and simulated with Simurb, both of which
are contained in the MATLAB NN toolbox. Solverbe designs the
networkwith zero error on the trainingvectors. It uses the known set
of inputs and target vectors along with a quantity called the spread
constant to generate the weights and biases for the exact mapping
of the network. The designed network has two layers: an initial ra-
dial basis layer and a � nal linear layer. In the initial layer, Solverbe
creates as many radial basis neuronsas there are input vectors.Each
neuron is assigned a weight that is set to the transpose of a given
inputvector.By design,eachneurondetectsand respondsto a differ-
ent input vector. Hence, there are as many neurons as input vectors.
The radial basis function (radbas) has a maximum output of 1 when
the input is 0. The radial basis output a is given by

a D radbasfdist.w; p/ £ bg (6)

where radbas is the transfer function, dist is the vector distance be-
tween its weight vector w and the input vector p, and b is the bias.
The bias controls the sensitivity of the neuron. The output has an
inverse relationship with the distance between the vectors p and w.
Any neuron in the network with input identical to its weight vec-
tor has an output value of 1. For an input of 0.8326, radial basis
produces an output of 0.5. To obtain an output of 0.5 or more, the
vector distance between an input vector and its weight vector must
be 0:8326=b or less. Each bias is set to a value of 0.8326/sc, where
sc is the spread constant.The sc, therefore, de� nes the range within
which the input vector has to lie relative to the weight vector to pro-
duce an outputof 0.5 or more from the radbas.For largevaluesof sc,
neurons should respond strongly to the overlapping regions of the
design space. Note that caution must be used regarding selection of
values for sc. If the sc value is too large,all neuronsmay respondto a
given input. This creates an erroneous signal, which may adversely
affect the network’s ability to predict new design points. As dis-
cussed in a later section, a study has been conducted to estimate the
best value of sc for the presentwork on injector optimization.Based
on the output from the radbas, the second linear layer of the network
attempts to map it to the output while minimizing the sum-squared
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error. Weights and biases are assigned to each neuron based on its
output from the radialbasis layer such that thenetworkyieldsa value
suf� ciently close to the target vector. After the weights and biases
have been generated, the MATLAB function Simurb is employed.
This function uses the weights and biases generated by Solverbe
during the training period to predict the output for new sets of
inputs.

The valuesof independentand dependentvariablesin Tables 2–4,
which constitute the original data set, are used as the inputs and
outputsto train the NN. This trainednetworkis then used to generate
other design points as required for the enhanced data set.

The design function and design parameters have been found to
play an important role in the design of an ef� cient network. An at-
tempt was made to study the effect of design function. In addition
to Solverbe, another MATLAB design function, Solverb, was used
to repeat the training/prediction procedure described. A signi� cant
differencewas noticed in the predictioncapabilitiesof the two func-
tions. As compared to Solverbe, Solverb adds one neuron at a time
instead of adding as many neurons as the number of inputs. It is
an iterative procedure, and neurons are added until the error dur-
ing training is less than the user-de�ned error goal. This iterative
procedure of adding neurons one at a time may result in a smaller

a)

b)

Fig. 1 Design space for a) ERE, 15 training/mapping points, and 10 test points and b) Q, 9 training/mapping points and 4 test points.

network, but it takes a longer time to train than Solverbe. It also
requires more design parameters than Solverbe.

More detailed discussion of the basic concepts and practical im-
plementationof both RSM and NN, directly relevant to the present
effort, can be found in Ref. 13.

IV. Results and Discussion
A. Polynomial Fits on the Original Data Set

According to the injector model developed by Calhoon et al.,7

injector performance, as measured by ERE depends only on the
velocity ratio V f =V0 and combustion chamber length L comb. Exam-
ination of the original data set in Tables 2–4 indicates 15 distinct
design points for ERE. Because chamber wall heat � ux is dependent
only on velocity ratio V f =V0 and oxidizer to fuel ratio O=F , there
are nine distinctdesign points for Q. The design space for this effort
is shown in Fig. 1. For ERE, the � ve distinct chamber lengths offer
the potential for a fourth-orderpolynomial � t in Lcomb , whereas the
three different velocity ratios limit the � t in V f =V0 to second order.
Quadraticand cubic responsesurfacesfor both ERE and Q has been
generated for evaluation. These noted limitations on the data cause
the cubic surfaces to be third order in L comb only.
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1. Quadratic Response Surface

The quadratic response surfaces on the original data set con-
structed by JMP are given by

ERE D 70:43 C 1:580V f =V0 C 6:208L comb

¡ 0:190.V f =V0/L comb ¡ 0:331.L comb/2 (7)

and

Q D 0:479 ¡ 0:046O=F C 0:191V f =V0 C 0:0094.O=F/2

¡ 0:028.O=F/V f =V0 (8)

These response surfaces represent reduced models accomplished
by term elimination from the full surface using t statistics as de-
scribed earlier. These are identical to reduced surfaces generated
previously by Tucker et al.6

2. Cubic Response Surface

Cubic models for ERE and Q have also been generated for the
analysis. The full ERE and Q response surfaces are

ERE D 50:060 C 3:759V f =V0 C 14:574L comb ¡ 0:05.V f =V0/2

¡ 0:777.V f =V0/L comb ¡ 1:459.L comb/
2 C 0:0025.V f =V0/

2L comb

C 0:0464V f =V0.L comb/2 C 0:0472.L comb/3 (9)

a)

b)

Fig. 2 Assessment of performance of cubic and quadratic response surfaces of a) ERE, 15 training/mapping points and b) Q, 9 training/mapping
points.

and

Q D ¡0:566 ¡ 0:358O=F C 0:383V f =V0 ¡ 0:0191.O=F/2

¡ 0:107.O=F/V f =V0 ¡ 0:0028.V f =V0/
2

C 0:0048.O=F/2V f =V0 C 0:0019.O=F/.V f =V0/2 (10)

Reduced cubic surfaces for both ERE and Q were also obtained.As
discussedlater, shortcomingswere encounteredwith these surfaces.

3. Comparison Between Cubic and Quadratic Response Surfaces

The quadratic and cubic � ts for both surfaces are plotted along
with theactualdata from the injectormodel in Fig. 2. NN and injector
model data are the same points in the graph. Quadratic and cubic
are predicted by RSM. Based on the adjusted rms error, the cubic
� t is more accurate than the quadratic � t for ERE. The adjusted rms
error for the quadraticand cubic responsesurfacesof ERE are 0.211
and 0.083, respectively. The cubic � t, by this measure, is superior
for ERE. However, the error is almost identical in the case of Q for
both the quadratic (0.039) and cubic (0.040) surfaces. This maybe
due to the very small number of points available for the curve � t.
The additional terms in the cubic � t relative to the quadratic � t do
not improve the mapping of the response surface for Q.

In the report by Tucker et al.,6 an optimizationwas done for three
different ranges of the independent variables using the quadratic
� t shown in Eqs. (7) and (8). The three cases analyzed differ
only in the constraints implemented on the design parameters. The



396 SHYY, TUCKER, AND VAIDYANATHAN

Table 5 Optimum values obtained with cubic and quadratic for case 1a

Cubic Quadratic

WERE , WQ , L comb , ERE, Q, Lcomb , ERE, Q,
(s) (t ) O=F V f =V0 in. % Btu/in.2-s O=F V f =V0 in. % Btu/in.2-s

1 10 6.0 5.41 7.0 99.02 0.664 6.0 6.00 7.0 99.17 0.669
(99.00)b (0.654) (99.20) (0.642)

1 1 6.0 6.00 7.0 99.15 0.669 6.0 6.00 7.0 99.17 0.669
10 1 6.0 6.00 7.0 99.15 0.669 6.0 6.00 7.0 99.17 0.669

aConstraints: 4 · O=F · 6, 4 · V f =V0 · 6, and L comb (in.)· 7. b(Exact response of the injector model.)

Table 6 Optimum values obtained with cubic and quadratic for case 2a

Cubic Quadratic

WERE , WQ , L comb , ERE, Q, Lcomb , ERE, Q,
(s) (t ) O=F V f =V0 in. % Btu/in.2-s O=F V f =V0 in. % Btu/in.2-s

1 10 6.0 5.41 7.0 99.02 0.664 6.0 6.52 7.0 99.31 0.684
(99.00)b (0.654) (99.10) (0.716)

1 1 6.0 6.34 7.0 99.21 0.674 6.0 7.00 7.0 99.42 0.702
(99.20) (0.691) (99.30) (0.728)

10 1 6.0 7.00 7.0 99.32 0.690 6.0 7.00 7.0 99.42 0.702

aConstraints: 4 · O=F · 6, 5 · V f =V0 · 7; and L comb (in.)· 7. b(Exact response of the injector model.)

Table 7 Optimum values obtained with cubic and quadratic for case 3a

Cubic Quadratic

WERE , WQ , Lcomb , ERE, Q, Lcomb , ERE, Q,
(s) (t ) O=F V f =V0 in. % Btu/in.2-s O=F V f =V0 in. % Btu/in.2-s

1 10 6.0 6.00 7.0 99.15 0.669 6.0 6.52 7.0 99.31 0.684
1 1 6.0 6.34 7.0 99.21 0.674 6.0 8.00 7.0 99.67 0.753
10 1 6.0 8.00 7.0 99.42 0.728 6.0 8.00 7.0 99.67 0.753

aConstraints: 4 · O=F · 6; 6 · V f =V0 · 8, and Lcomb (in.) · 7.

constraintsare as follows:case1; 4 · O=F · 6; 4 · V f =V0 · 6; and
L comb · 7I case2; 4 · O=F · 6; 5 · V f =V0 · 7; and L comb · 7I and
case 3; 4 · O=F · 6; 6 · V f =V0 · 8; and Lcomb · 7:

In the current effort, the optimization is repeated using the cubic
� ts in Eqs. (9) and (10). The combinations of weights for ERE (s)
and Q (t ) used are (1,10), (1,1), and (10,1) for each of the three
cases. The optimum has been evaluated and tabulated for each case
for each of the three weightings.Tables 5–7 show the results for the
18 resulting optimizationexercises.Recall, that in this effort, injec-
tor element optimizationmeans maximizing the performancewhile
minimizing heat � ux and chamber length. The optimum value for
V f =V0 obtainedon the cubic responsesurface is quite different than
that found on the quadratic surface for some cases (these particular
cases are noted in bold face in Tables 5–7). Also, for selected cases
where there are discrepancies between the quadratic and cubic re-
sults, the exact values from the injector model have been included
in parentheses in Tables 5–7 for comparison. In these cases, the cu-
bic � t more closely matches the exact data than does the quadratic
� t. Sample results for ERE plotted in Fig. 3a clearly show the data
are better � t by the cubic surface for the case shown. Figure 3b
shows that the response surface predicted by cubic � t for Q has a
noticeable dip that is completely missed by the quadratic � t. This
discrepancy results in the optimum for the cubic � t being consider-
ably lower than that for the quadratic surface. The prediction from
cubic � t agrees well with the exact data, which also has a dip for
this speci� c case. NN and injector model data are the same points
in Fig. 3. Quadratic and cubic are predicted by RSM.

The injector model was also used to produce additional design
points to assess the capability of the different response surfaces to
match the exact data. In Figs. 4a and 5a, the actual data obtained
from the injector model for all of the design points are shown. The
cubicand quadraticresponsesurfacesobtainedbasedon the original
data is also shown. The rms error ¾ for the test data is given by

¾ D
q

e2
i

¯
n (11)

In this equation, n is the number of test points. The rms error for
predicting the new ERE data is 0.270 and 0.205 for the quadratic
and cubic surfaces, respectively.For Q, it is 0.025 and 0.016 for the
quadratic and cubic surfaces, respectively.Again, the performance
of the cubic surface is superior to that of the quadratic surface.

A reduced cubic model was also obtained, but the difference in
the adjusted rms error was small as compared to the full model.
It was found to be 0.077 for ERE and 0.042 for Q as compared
to the value of 0.083 for ERE and 0.040 for Q for the full model.
Despite being comparable to the full model from the standpoint of
the adjusted rms error, it was found that the rms error in predicting
the new data was signi� cantly degraded for Q. The rms error in
predicting the new data was 0.203 for ERE and 0.038 for Q for the
reduced models as compared to 0.205 for ERE and 0.016 for Q for
the full cubic model. Accordingly, the full model was preferred to
the reduced one.

B. RBNN

RBNN are trained by both Solverbe and Solverb for each injec-
tor design response, ERE and Q, using the original data set of 45
design points. Solverbe trained the network for ERE with an error
to the order of 10¡13. The network trained by Solverbe for Q has
an error on the order of 10¡16 . Both networks represent the respec-
tive design spaces essentiallyexactly. Solverb, with an error goal of
0.001, trained networks for both responses to represent the original
data set adequately. Because the size of the data set considered for
training the network is fairly modest, the number of neurons gen-
erated by Solverbe is also small. Solverb would have been suited
better for a larger data set, where a reduction in the number of neu-
rons might have appreciably reduced the computation time. The
networks trained using Solverbe have been used for this study. The
ability of the RBNN to � t the design data and generate additional
data is discussed in the following sections.

1. Comparison Between Solverbe and Solverb

Because Solverbe trains with the same number of neurons (45 in
this case) as data points, as seen earlier, it � ts the training data set
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a)

b)

Fig. 3 Comparison between cubic and quadratic response surface for case 3 of a) ERE and b) Q.

with negligible error. However, it can also create erratic behavior
because it makes no attempt to � lter noise generated by excess neu-
rons in the network. Solverb, on the other hand, tends to reduce the
potential for noise by controlling the number of neurons in the net-
work. Table 8 shows that in the presentstudy, for the spreadconstant
value of 1.00, Solverb performs slightly better than Solverbe based
on the nominal error measure. However, when judged by the level
of errors associated, both RBNNs are satisfactory from a practical
standpoint.As expected,Solverb uses fewer neurons than Solverbe,
in this case three less. Note that, as investigated in detail by Papila
et al.,15 the relative performance between Solverb and Solverbe is
case dependent.

2. Comparison of RBNN Predictions with RSM

Figures 4b and 5b show that the RBNN trained by Solverbe
is able to generate more accurately additional design data than
either quadratic or cubic polynomial (shown for comparison in
Figs. 4a and 5a). In Fig. 4a, the ERE surface trained with the origi-
nal data set is shown. The 10 extra design points calculatedwith the
injector model for V f =V0 of 5.00 and 7.00 are shown. The ability
of the RBNN to generate accuratelynew design data can be seen by
comparing the � t for ERE in Fig. 4b to that for the polynomials in
Fig. 4a. RBNN trains the network with more � exibility and learns
the data trend, whereas polynomials provide only an approximate
� t on the given data. Regarding the rms error ¾ , for ERE, it is 0.152
for RBNN predictionsas compared to the values of 0.270 and 0.205
for quadraticand cubic surfaces, respectively.The four extra design

Table 8 RMS error in the prediction of ERE and Q.
Different values of SC

Solverbe Solverba

rms error rms error rms error rms error No. of
sc (ERE, %) (Q, Btu/in.2-s) (ERE,%) (Q, Btu/m.2-s) neurons

0.50 1.493 0.179 1.733 0.287 44
0.75 0.745 0.135 0.675 0.135 44
1.00 0.152 0.022 0.153 0.017 42
1.05 0.190 0.011 0.128 0.012 44
1.25 0.316 0.010 0.267 0.022 44
1.50 0.336 0.022 0.309 0.030 44
1.75 0.369 0.022 0.310 0.021 44
2.00 0.308 0.016 0.296 0.019 41
2.25 0.279 0.020 1.846 0.045 43
2.50 0.325 0.017 0.744 0.025 43

aError goal used for Solverb is 0.001.

points generated for Q, also at V f =V0 of 5.00 and 7.00, are shown
compared to the polynomial surface in Fig. 4b and compared to the
RBNN surface in Fig. 5b. The rms error in the case of Q is 0.022
for RBNN as compared to 0.025 and 0.016 for quadratic and cubic
surfaces, respectively.Here the performance of the RBNN is better
than the quadratic but slightly poorer than the cubic � t. Examina-
tion of Table 8 indicates it may be possible that using Solverb with
a spread constant of 1.05 could further reduce the rms for Q. How-
ever, the errors for Q are low enough that further reductionmay not
be practical.
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a)

b)

Fig. 4 Assessment of predictive capabilities of a) polynomial based method and b) RBNN for ERE, 15 training/mapping points 10 test points.

C. RBNN-Enhanced Response Surface

It has been demonstrated that the RBNN can be used to gen-
erate con� dently additional design points. Additional design points
generatedby the RBNN are added to the original data set to form the
enhanceddata set. This enhanceddata set is used for furtheranalysis
to evaluate the performance of the RSM with the larger number of
design points. The enhanceddata set for ERE has 15 points from the
injector model and 10 from the RBNN, for a total of 25 points. The
enhanced data set for Q has 9 points from the injector model and
4 from the RBNN, for a total of 13 points. The entire optimization
analysis was redone with the enhanced data set. On this enhanced
data set, the full quadratic responsesurface seems already appropri-
ately constructed,and invoking the statistical analysis generates no
reduced model. With the added data in the enhanced data set, it is
now possible to obtaina � t for ERE that is fourth order in V f =V0 and
fourth order in L comb . Q can now be � t with a cubic in V f =V0 and
a quadratic in O=F . This is now possible because a combinationof
three different values of O=F , � ve different values of V f =V0, and
� ve different values of L comb are available. The cubic � t for ERE
and Q obtained from JMP are

ERE D 48:813 C 4:807V f =V0 C 14:274L comb ¡ 0:141.V f =V0/
2

¡ 0:930.V f =V0/L comb ¡ 1:352.L comb/2

C 0:0003.V f =V0/3 C 0:0154.V f =V0/2L comb

C 0:0463V f =V0.L comb/2 C 0:042.L comb/3 (12)

and

Q D ¡0:301 C 0:323O=F C 0:285V f =V0 ¡ 0:0189.O=F/2

¡ 0:094.O=F/V f =V0 C 0:00475.V f =V0/2

C 0:00474.O=F/2V f =V0 C 0:0008.O=F /.V f =V0/
2

C 0:000058.V f =V0/
3 (13)

The quadratic � ts from JMP are

ERE D 69:68 C 2:088V f =V0 C 6:024L comb ¡ 0:042.V f =V0/2

¡ 0:190.V f =V0/L comb ¡ 0:139.L comb/2 (14)

and

Q D 0:812 ¡ 0:045O=F C 0:067V f =V0 C 0:0097.O=F/2

¡ 0:028.O=F/V f =V0 C 0:0105.V f =V0/
2 (15)

1. Comparison of Fits with the Original Response Surfaces

Comparison of the enhanced response surfaces with the original
response surfaces indicates that the extra data produced with the
RBNN generally improve the quality of the curve � t. The adjusted
rms error for ERE on the originalset is 0.211and 0.083 for quadratic
and cubic � ts, respectively. On the enhanced data set, it is 0.179
and 0.100 for the quadratic and cubic � ts, respectively. The slight
increase in the error in the case of the cubic � t may be due to
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Table 9 Optimum values obtained with cubic and quadratic for case 1 (enhanced data set)a

Cubic Quadratic

WERE , WQ , Lcomb , ERE, Q, Lcomb , ERE, Q,
(s) (t ) O=F V f =V0 in. % Btu/in.2-s O=F V f =V0 in. % Btu/in.2-s

1 10 6.0 5.54 7.0 99.02 0.654 6.0 5.01 7.0 98.96 0.644
(98.90) (0.658) (98.70) (0.664)

1 1 6.0 6.00 7.0 99.12 0.658 6.0 6.00 7.0 99.25 0.658
10 1 6.0 6.00 7.0 99.12 0.658 6.0 6.00 7.0 99.25 0.658

aConstraints: 4 · O=F · 6; 4 · V f =V0 · 6, and L comb (in.)· 7. Compare with Table 5.

a)

b)

Fig. 5 Assessment of predictive capabilities of a) polynomialbased methods and b) RBNN for Q, 9 training/mapping points, 4 test points.

noise related to the oversensitivityof the polynomial.However, this
phenomenon may re� ect that the level of the rms is low enough
in either case so that no further improvement is accomplished.The
adjusted rms error for Q with the original set is 0.039 and 0.040
for the quadratic and cubic � ts, respectively.On the enhanced set it
was 0.027 and 0.026 for the quadratic and cubic, respectively.With
the exception of the cubic � t for ERE, the � ts from the enhanced
surface are improved over those from the original surface. Also,
when optimum design points are examined, there is less difference
between the quadratic and cubic � ts on the enhanced surfaces than
there is on the original surfaces.

2. Comparison of Optimal Design Points

The analysis for the three cases of optimization over the same
three ranges of independent variables has been redone. The results

of the optimization on surfaces generated from the enhanced data
set are given in Tables 9–11. The predicted optimal design points
using cubic and quadratic � ts are generallyclose to each other.They
are closer to each other on the reduced data set than on the surfaces
generated using the original data set. One case where the cubic
and quadratic optimum points are somewhat different is analyzed
further. The results shown in Fig. 6 con� rm the optimum value of
velocity ratio on the quadratic � t to be lower than the cubic � t in this
case. The enhanced set includes model data and RBNN predicted
data. Quadratic and cubic are predicted by RSM. Given the weight-
ings of 1.0 for ERE and 10.0 for Q, the optimizer has selects the
minimum of Q for both � ts. Because the curves exhibit different
minimum points, the weightings force the selection of different op-
timum points. As already discussed, for the polynomial � ts on the
RBNN-enhanced data sets, the error of both quadratic and cubic
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Table 10 Optimum values obtained with cubic and quadratic for case 2 (enhanced data set)a

Cubic Quadratic

WERE , WQ , Lcomb , ERE, Q, Lcomb , ERE, Q,
(s) (t ) O=F V f =V0 in. % Btu/in.2-s O=F V f =V0 in. % Btu/in.2-s

1 10 6.0 5.54 7.0 99.02 0.654 6.0 5.01 7.0 98.96 0.644
(98.90) (0.658) (98.70) (0.664)

1 1 6.0 6.33 7.0 99.18 0.663 6.0 6.04 7.0 99.26 0.659
(99.10) (0.666) (99.20) (0.642)

10 1 6.0 7.00 7.0 99.30 0.681 6.0 7.00 7.0 99.46 0.693
aConstraints: 4 · O=F · 6; 5 · V f =V0 · 7, and Lcomb (in.) · 7. Compare with Table 6.

Table 11 Optimum values obtained with cubic and quadratic for case 3 (enhanced data set)a

Cubic Quadratic

WERE , WQ , Lcomb , ERE, Q, Lcomb , ERE, Q,
(s) (t ) O=F V f =V0 in. % Btu/in.2-s O=F V f =V0 in. % Btu/in.2-s

1 10 6.0 6.00 7.0 99.12 0.658 6.0 6.00 7.0 99.25 0.658
1 1 6.0 6.33 7.0 99.19 0.663 6.0 6.04 7.0 99.26 0.659
10 1 6.0 8.00 7.0 99.42 0.725 6.0 7.95 7.0 99.57 0.746

aConstraints: 4 · O=F · 6; 6 · V f =V0 · 8, and Lcomb (in.) · 7. Compare with Table 7.

a)

b)

Fig. 6 Assessment of performance of cubic and quadratic response surfaces for case 1 of a) ERE, 25 training/mapping points and b) Q, 13 train-
ing/mapping points.



SHYY, TUCKER, AND VAIDYANATHAN 401

polynomials are more comparable than in the original analysis. At
the upper limit of availabledata for combustor length, 8 in., the ERE
curves tend to � atten out. This causes some dif� culty in locating the
optimum and may cause more noticeable differences between the
different polynomials. However, different optimal designs selected
by different polynomials under such a circumstance are not impor-
tant because these yield very similar injector performance.

V. Summary and Conclusions
RSM and NN techniques have been applied to the optimization

of a simple rocket injector. Injector performance, as measured by
ERE and chamber wall heat � ux, has been modeled as a function
of propellant velocity ratio, oxidizer to fuel ratio, and combustor
length. An empirical injectormodel was used to calculate45 design
points in the design space. The responses in these originaldata were
� t to the input variablesusing both quadraticand cubic polynomials
using RSM as embodied in the JMP software package. The � ts
were evaluated relative to each other using the adjusted rms error
and the ability of the � t to predict additionaldata from the empirical
model. Optimization studies were conducted using each � t over
three ranges of independent variables for different weightings, or
desirability,of the responses.Optimum pointswere located for each
of 18 combinationsof data range, curve � t, and response weighting
using Microsoft Excel-SOLVER. These optimum points were then
compared to exact values calculated from the empirical model.

RBNN were trained on the original data set using functions from
the MATLAB-NN toolbox. Issues relevant to obtaining satisfactory
RBNN performanceand to enhancingthe RSM for the currentprob-
lem were investigated. An RBNN was trained on the original data
set. The RBNN was compared to the RSM in terms of ability to
predict additional data in the design space. The RBNN was then
used to generate new data, which were combined with the original
data set to form an enhanced data set. The optimization procedure
was repeated using the enhanceddata set. Quality of � t and location
of optimal points were used to compare the � ts from the enhanced
surface with those from the original data set.

Based on the effort described, the following observations are
made for the present injector design system.

1) The cubic � t was superior to the quadratic � t on the modest-
sized original data set by each measure investigated: � rst, in terms
of adjusted rms error, second, in that the optimal design points were
closer to the data from the empirical model, and � nally, in terms
of the rms error relative to predicting additional data in the design
space.

2) There was not a signi� cant difference in the performance of
Solverbe and Solverb in terms of generatingthe RBNN on the orig-
inal data set.

3) The RBNN was able to generate additional design data for
ERE with better accuracy than either the quadratic or cubic � t. For
Q, the RSM error from both polynomials on the original data set
and for the RBNN were all very low. The rms error for the RBNN
fell between that of the two polynomials.

4) Comparison of the quality of polynomial � ts on the original
and RBNN-enhanced data sets indicated generally better � ts on the
enhancedsurface.The only exceptionwas that the cubic � t for ERE

was slightlypooreron the enhancedsurface.However, the error was
already small.

5) The optimal points located on the quadraticand cubic surfaces
generated from the enhanced data set were, for the same case, con-
sistentlycloser to each other than were the � ts from the originaldata
set. Also, the original data set cubic � t was closer to the enhanced
data set cubic � t than were the quadratic � ts for the two data sets.

The preceding observations, taken together, indicate that RSM,
when used in conjunction with NN, is capable of producing mean-
ingfuloptimizationstudies with modest amounts of data.NN can be
used to produce data of suf� cient accuracy to actually improve the
quality of polynomial � t in the RSM. Because accurate data (either
fromphysical tests or CFD analysis) are time consumingand expen-
sive to obtain for rocket engine injectors, the technique of coupling
RSM with NN holds signi� cant potential for their optimization.
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